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In this paper, we analyze the dynamics of an isotropic closed Universe in the presence of a
cosmological constant term and we compare its behavior in the standard Wheeler-DeWitt equation
approach with the one when a Lagrangian fluid is considered in the spirit of the Kuchar-Brown
paradigm.
In particular, we compare the tunnelling of the Universe from the classically forbidden region to the
allowed one, showing that considering a time evolution deeply influences the nature of the model. In
fact, we show that in the presence of the Lagrangian fluid, the cosmological singularity is restored
both in the classical and the quantum regime. However, in the quantum regime the singularity is
probabilistically suppressed for some energy eigenvalues and in the case the latter is equal to zero,
one recovers the standard WDW case.
Finally, we introduce a cut-off physics feature in the Minisuperspace by considering a Polymer
quantum mechanical approach, mainly limiting our attention to the semi-classical dynamics (the
quantum treatment is inhibited by the non-local nature of the Hamiltonian operator). We show that
the singularity is again removed, like in the fluid-free model, and a bouncing cosmology emerges so
that the present model could mimic a cyclic cosmology.
I. INTRODUCTION
One of the most puzzling questions of the canonical
quantization of gravity is the so-called frozen formalism,
i.e. the absence of an external time parameter for the
quantum dynamics of the 3-metric field [1–4]. Further-
more, while the Loop Quantum Gravity implementation
to cosmology leads to the existence of a Big-Bounce [5],
the Wheeler DeWitt equation, associated to a metric ap-
proach, seems, in general unable to remove the cosmo-
logical singularity on a quantum level [6, 7]. The main
reason for the quantum survival of the cosmological sin-
gularity consists of the time-like character of the Universe
volume in the Wheeler Super-space [8, 9]. In fact, the
Wheeler-DeWitt equation resembles a functional Klein-
Gordon equation, for which the 3-metric determinant be-
haves like an internal clock. As a result, all the values of
this quantity are available to the dynamics, including its
vanishing character, associated to the singularity. This
feature is deeply altered in Loop Quantum Gravity since
the 3-volume acquires a discrete spectrum.
A non-singular Universe can be easily obtained in the
Einsteinian dynamics if we include a positive cosmolog-
ical constant into the evolution of an isotropic Universe
[1]. In this respect, a very intriguing no boundary pro-
posal has been formulated in [10], see also [11], which
argues the possibility of a tunnelling effect from the clas-
sically forbidden vanishing scale factor to a finite volume
region, living also on a classical level (for a simple canon-
ical representation of this idea, see [12]).
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A delicate question concerning the point of view that
the quantum primordial Universe could have undergone
a tunnelling procedure comes from the absence of time in
the canonical quantum dynamics, which makes this no-
tion heuristic. In addition, it seems also in contradiction
that, for more general models, the Universe volume is it-
self a time-like variable, while the real degrees of freedom
are identified in the Universe anisotropy [1].
A viable methodology for introducing a good time vari-
able in quantum gravity is the “Kuchar-Brown” method,
proposed in [13], see also [14]. In [15], this procedure has
been implemented to a Lagrangian fluid representation,
as presented in [16], by the analysis in [15], where the
fluid entropy has been promoted to be the proper clock
of a Schro¨edinger-like functional equation.
Here, we apply the results of the study mentioned above
[15] towards a quantum picture for the early isotropic
Universe. We consider a closed Robertson-Walker geom-
etry whose dynamics includes a cosmological constant
term and a Schutz Lagrangian fluid.
We first study the classical dynamics of this cosmological
model, for which the presence of a singularity is restored
because the Lagrangian fluid takes the morphology of
radiation-like component of the Universe. Then, we ana-
lyze the quantum behavior, studying the configurational
properties of the scale factor, especially for what concerns
the possibility of a tunnelling effect through the potential
barrier.
We show that the cosmological singularity is, in gen-
eral, present in such a model, although it seems to be
probabilistically suppressed for wave packets associated
to eigenstates having the “energy-like” quantum number
smaller than the potential peak. Thus, the typical con-
figuration for a Universe tunnelling scenario becomes a
ar
X
iv
:2
00
4.
07
10
5v
1 
 [g
r-q
c] 
 15
 A
pr
 20
20
2singular quantum cosmology, as soon as the notion of
time is properly restored for the classical and quantum
dynamics.
In order to remove the obtained singularity in the consid-
ered cosmological model we introduce a notion of cut-off
physics in the Minisuperspace via the Polymer quantum
mechanics approach [17–19].
Actually, the implementation of a semi-classical Polymer
approach shows how the singularity is removed and a
Big-Bounce emerges also in the presence of a radiation-
like fluid, playing the role of a clock. The pure quantum
treatment of this revised scenario is not viable, due to the
non-local character of the associated Hamiltonian opera-
tor.
The paper is structured as follows. In Section 2, we intro-
duce the Schutz formalism for a relativistic perfect fluid
and we derive its Hamiltonian theory coupled to grav-
ity. Then the Wheeler-DeWitt approach seen in [10, 11]
will be discussed in Section 3 just before studying both
the classical and quantum dynamics that arise when the
Kuchar-Brown method is applied to a Universe in which
there is a Schutz fluid (Section 4). Finally, the Polymer
representation will be introduced and its dynamics will
be approached.
II. THE SCHUTZ FLUID AS A VIABLE CLOCK
IN QUANTUM GRAVITY
In this paper, the problem of time is approached
through a canonical quantization. The direct implemen-
tation of the Hamiltonian constraints leads to a well-
known non-evolutive theory;
HG =
∫
d3x(NHG +N
aHGa ) (1)
where HG and H
G
a are respectevely the “Super-hamilto-
nian” and the “Super-momentum” constraints and N
and Na are the Lapse function and the Shift vector of
the ADM splitting.
One of the many attempts to solve this problem is
considering a theory coupled to gravity and searching
for a time parameter out of the inner variables of the
theory.
In this paper, it will be followed an approach in which is
added a Schutz fluid to gravity [16, 20] and the entropy
per baryon will be chosen as time variable.
A Schutz fluid is a relativistic perfect fluid whose four
velocity Uµ is written as a combination of five scalar
potential
Uν =
1
µ
(φ,ν +αβ,ν +θS,ν ) :=
1
µ
vν , (2)
where S is the entropy per baryon and µ = (ρ + p)/ρ0
is the specific enthalpy of the fluid. Such a choice is
considered for the fact that the Schutz fluid can better
approximate the primordial thermal bath. The latter is
not properly characterized by an ultra-relativistic fluid
but, it could be better described by a Schutz fluid whose
equation of state p = αρ is such that α = α(µ, S) is
thermodinamical-variable dependent.
The fluid’s equations of motion are derived as usual from
a variational principle varying the lagrangian density
LADMF =
√−gp = N
√
−3gρ0
(√
(vn)2 − vava − TS
)
(3)
with respect to the fields that compose the four-velocity.
In the fluid’s lagrangian ρ0, is the density of the rest mass
and T is the temperature.
The coupled theory is given by deriving the fluid’s Hamil-
tonian in the ADM formalism as usually done for the
gravitational counterpart.
For what regards the Schutz Hamiltonian, it has to be
derived in a Dirac manner [21] given that from (3) one
obtains a number of second class constraints φα = 0.
Solving those constraints, as prescribed by the Dirac the-
ory, leads to the fluid’s Hamiltonian [15]
HF = N
(√
(pi2 − ρ20h)V + ρ0
√
hTS
)
+Napiva, (4)
where pi is the momentum conjugated to φ,
√
−3g = √h
and V = vµv
µ.
The coupling with gravity comes natural and does not
change the constrained nature of the theory. The sec-
ondary constraints will appear as usual in the total
Hamiltonian as the multiplication of functionals with the
lapse function and the shift vector:
HF+G =
∫
d3x(NHF+G +N
aHF+Ga ) (5)
where
HF+G =
√
(pi2 − ρ20h)V + ρ0
√
hTS +HG (6)
HF+Ga = piva +H
G
a . (7)
Being the constraint nature unaffected, a canonical quan-
tization of the “Super-Hamiltonian” constraint leads to
a time-less Schro¨edinger equation.
A time evolution can be established through the
“Kuchar- Brown” method [13] using the Schutz fluid as
a clock.
The method consists in choosing an inner variable of the
theory as a new time variable and expliciting the dy-
namics with respect to the chosen one. In doing so,
one gets an equivalent “Super-Hamiltonian” constraint
whose canonical quantization leads to an evolutive Sch-
ro¨edinger equation.
This is achieved by solving the “Super-momentum” con-
straint with respect to the momentum relative to the
3chosen variable and inserting it into the “Super- Hamil-
tonian” constraint.
The latter reads as a request of a gradient-free Hamilto-
nian (a good time parameter is always the same every-
where) and leads to an equation for pi
pi − h˜ = 0. (8)
Finally it has to be checked that {h˜, h˜} = 0 strongly;
this way the new Hamiltonian h˜ can be interpreted as
the generator of time translations and the four-diffeomor-
phism invariance is preserved.
If the Kuchar-Brown method is applied to the case in
analysis one gets
h˜ =
√
dρ20h
Ξ2 − d (9)
where Ξ =
√
hρ0ST +H
G and d = HGa H
G
b q
ab.
The role of entropy as a time variable emerges when the
particular comoving reference frame is chosen.
In this setting the conjugated momentum reduces to
pi = −√qρ0 and the Hamiltonian constraints become
Ξ =
√
hρ0ST +H
G = 0 (10)
Ξa = H
G
a = 0. (11)
Recalling the relation between pi and the momentum con-
jugated to S (φα → pS − θpi = 0) and applying the dis-
cussed method, one gets
SpS =
θHG
T
= h¯. (12)
The canonical quantization of the latter leads to a
Schro¨edinger equation for the Hamiltonian h¯ where the
time parameter is given by the logarithm of the entropy
per baryon, logS.
The study of the latter will be performed in Section 4.
III. THE WHEELER-DE WITT APPROACH
The Kuchar-Brown method allows to restore a time
evolution for the Hamiltonian of gravity. However, it
is possible to perform a direct canonical quantization of
the “Super-Hamiltonian” constraint. In doing so, the
“Wheeler-De Witt” equation (Hˆψ = 0) is given. The at-
tempt of studying what could be the dynamics descend-
ing from such an approach has been already attempted
[10, 11] but, in this scenario, one has to think how to deal
with a time-less Schro¨edinger equation.
This approach will be briefly presented in order to com-
pare it with the one that will be shown in the following
sections.
FIG. 1. The figure shows the comparison between the so-
lutions of the Friedman equation with (continuous line) or
without (red dotted line) the presence of a Schutz fluid. Both
the cases describe a closed Universe in which there is a cos-
mological constant ( Λ
3
∝ 10−1Epl)
Firstly, an isotropic and homogeneous Universe, de-
scribed by the Robertson-Walker metric, is considered
(in this paper we will use natural units, c = ~ = 1),
ds2 = dt2 − a(t)2
(
dr2
1−kr2 + r
2dδ2 + r2sen2δdφ2
)
(13)
where a(t) is the scale factor and k is the curvature pa-
rameter.
In both the Wheeler-De Witt case and the studied one,
a spatially closed Universe (k > 0), in which there is a
Cosmological constant, will be taken into account.
Its classical dynamics is the one of a bouncing Universe
(Fig.1); a Universe characterized by a minimal value for
the scale factor aMIN (τ) at a given time. The latter is
given by the solution of the Friedmann equation
H˜2 =
( a˙
a
)2
=
(Λ
3
)
− k
a2
(14)
for the Universe in analysis. The Friedmann equation is
derived considering the Hamilton equations associated to
the Hamiltonian
HGFRW = −
G
3pi
p2a
a
− 3pi
4G
(ka− Λ
3
a3). (15)
The corresponding WDW equation for a closed FRW
Universe, when a factor ordering j = 0 (p2a = − ∂
2
∂a2 )
is given, is( ∂2
∂a2
− 9pi
2
4G2
(ka2 − Λ
3
a4)
)
ψ(a) = 0. (16)
If the latter is expressed via dimensionless quantities at
Planck scales such as a0 = (Λ/3)
−1/2 = G1/2, the un-
bounded potential
U(a) =
9pi2a20
4G2
[( a
a0
)2
−
( a
a0
)4]
(17)
4will determine two different regions: there is a classically
not-allowed one (0 < a < a0) and a classically allowed
one (a > a0). Despite the under barrier region, there is
always a probability different from zero that a particle
could emerge from the barrier into the allowed region.
This model has been firstly discussed in a path integral
approach[10], and the tunnelling probability has been
computed. This probability can be obtained through the
WKB approximation and it is given by
P = e−2
∫ √
U(x) ≈ e−SE (18)
where SE = − 3piΛG is the Euclidean action. The WKB
method can be used when one is searching for the eigen-
functions of the WDW approach as done for the proba-
bility. Different solutions can be derived when different
boundary conditions are considered. In doing so, the
eigenfunctions of (16) are
ψ
(1)
± (a) = e
±i ∫ a
a0
|p(a′)|da′∓ipi4 (19)
in the classically allowed region and, in the classically
forbidden one,
ψ2±(a) = e
± ∫ a0
a
|p(a′)|da′ , (20)
where p(a′) =
√−U(a). If an outgoing wave solution is
chosen [11], one has
ψOUT (a > a0) = ψ
(1)
− (a) (21)
FIG. 2. The figure shows the potential U(a)/3 (black curve),
the wave functions for Hartle-Hawking (red curve) and for
Vilenkin boundary conditions (dashed and dotted curves).
The real and the imaginary parts of Vilenkin’s wave functions
are indicated with R and l respectively. The Hartle-Hawking
wave function is real. The figure displays the solutions to the
WDW equation when the factor ordering j = 1 is chosen.
This choice will not affect the semi-classical dynamics [12].
ψOUT (a < a0) = ψ
(2)
+ (a)−
i
2
ψ
(2)
− (a) (22)
whereas, if an expanding and contracting Universe is cho-
sen [10]
ψE+C(a > a0) = ψ
(1)
+ (a) + ψ
(1)
− (a) (23)
ψE+C(a < a0) = ψ
(2)
− (a). (24)
Those solutions can be combined through the WKB con-
nection formula in order to obtain a sole eigenfunction
valid everywhere.
Whatever solution is considered, both of them show that
in the classical forbidden region one has a non-null eigen-
function and so, a non-null tunnelling probability. How-
ever, even though the tunnelling probability obtained
through the WKB method is non null, the time-less na-
ture of the theory does not allow a proper “tunnelling ef-
fect” as we know from standard quantum mechanics. In
fact, the absence of a time means the absence of a time
ordering of the events. So, the introduction of a proper
time parameter becomes a key factor in describing the
quantum dynamics.
IV. A SPECIFIC MODEL FOR THE ISOTROPIC
UNIVERSE DYNAMICS
The Kuchar-Brown method allows to establish a time
parameter, avoiding the problems that a time-less ap-
proach carries with. At the same time, the introduc-
tion of a fluid, representing the primordial thermal bath,
changes both the quantum and the classical dynamics.
From the classical perspective, adding a Schutz fluid is
equivalent to adding an ultra-relativistic component to
the Hamiltonian first, and then to the Friedmann equa-
tion.
In fact, the new Hamiltonian is
HG+F =
√
hρ0TS− χ
24pi2
p2a
a
− 3pi
4G
ka+2pi2ρa3 = 0 (25)
and the first term can be considered as an energy density
ρ(a) = ρ0a
−3(1+ω) with ω = 13 as anticipated.
The Friedmann equation will be then
H˜2 =
( a˙
a
)2
=
(8piG
3
1
a4
− k
a2
+
Λ
3
)
, (26)
whose solutions now represent a singular Universe
(Fig.1). The latter could not be true when a quantum
analysis is approached. One could say that the dynamics
will be in accordance with the classical one only if a well
peaked wave packet can be achieved in the spirit of the
Ehrenfest theorem.
Passing to the proper quantum analysis, the equation
(12) becomes
− i∂ψ(x, τ)
∂τ
=
θ
T
HGFRWψ(x, τ) (27)
5where an FRW Universe is considered. Here τ = logS
and θT is a function to be determinated.
This ratio could be fixed; in fact from the Schutz’ model
is known that θ is one of the potentials which is connected
to a physical quantity via ∂θ∂t = T , where the derivative
is taken with respect to the proper time.
It is then possible to compute this integral and get a
function θ = θ(a) by “guessing” which is the functional
dependence of a˙(t).
For the case in analysis one will take a˙(t) as given by a
Friedmanian dynamics ruled by radiation as it was con-
firmed from the classical dynamics shown above.
If one does so, the integral obtained is:
θ(a) =
∫
∂θ
∂τ dτ =
∫ T (a)
a˙ da =
∫ T (a)
aH da =
√
3
8piGa
(28)
and then the ratio will be θT =
√
3
8piGa
2.
In order to study the equation (27), one may take the
wave function’s time dependence to be given by
ψ(a, τ) = ψ(a)e−iEτ ; (29)
this way one gets the Schro¨edinger equation:
a ∂
2
∂a2ψ(a, τ) =
(
9pi2
4G2 (ka
3 − Λ3 a5)−
√
24pi3E
)
ψ(a, τ). (30)
Now, if the equation is expressed via dimensionless quan-
tities at Planck scales as done for the WDW case and a
canonical transformation is performed, one gets
∂2
∂x2
ψ(x) = (U(x)− E˜)ψ(x) (31)
where E˜ =
√
24pi3E, x = ( aa0 )
2 and
U(a) =
9pia40
4G2
[( a
a0
)3
−
( a
a0
)5]
. (32)
A. Quantum FRW analysis
Before going deep into the quantum dynamics, one re-
calls that the introduction of a time parameter gives the
chance of properly describing a tunnelling effect. The
identification of the logarithm of the entropy with a time
allows to define the tunnelling probability with respect
to the eigenvalue E˜
P ≈ e−2
∫ √
U(x)−E˜ . (33)
As it is showed by (Fig.3) the probability P (E) goes
to P (E) → 1 when the energy approaches the potential
maximum (VMAX ≈ 4.1Epl), meanwhile P (E)→ 0 when
the energy parameter is such that E → −∞.
In addition, it is worth noting that the probability P (E =
0) = e−pi it’s the same one could have got from a stan-
dard WDW approach [10, 11] confirming the coherence
of the model and its generality.
FIG. 3. The Figure shows the energy dependence of the prob-
ability. As expected for a tunnelling process in a potential
(32) (P (E) → 1, E → UMAX) meanwhile (P (E) → 0, E →
−∞)
Furthermore, the tunnelling probability exponentially
decreases with the decrease of the eigenvalue E˜.
It is then possible to find the eigenfunctions of (31) and
their time evolution. The latter is done by building a
wave packet peaked at the eigenvalue chosen and study-
ing its time evolution with respect to the changes in the
eigenvalue.
Both those processes are done numerically. In order to
underline the different features of the eigenfunctions, dif-
ferent solutions of (31) will be compared.
From those functional form one will be able to anticipate
the features that the wave packet’s time evolution will
have for each energy that will be treated next.
At first glance, it is clear their common high oscilla-
tory feature; all the Schro¨edinger equation’s solutions
(Fig.4.a) have this characteristic on the right side of
the potential. This is due to the potential form; in fact,
whatever the energy E˜∗ is, there will be a point where it
can not be comparable with the potential which rapidly
decreases to infinity. So, the solution will be an eigen-
function which increases its oscillatory frequencies as the
“x-coordinate” increases.
What is interesting is their different behavior when the
energy eigenvalue changes. In fact, as it can be seen, the
more E˜ increases, the more the eigenfunction is peaked
on the left-side of the potential.
This feature will be a key one when the wave packet
analysis will be performed. In fact, it can be anticipated
that for energies low enough it will not be possible to
peak a wave packet on the left side of the potential; this
would be possible only for some energy eigenvalues such
as E˜ = 3Epl.
The solutions’ time evolution is done, as anticipated, by
studying the evolution of a well peaked wave packet. The
latter is given by
ψE˜∗(x, τ) =
∫
dE˜g(E˜, E˜∗)ψ(x, E˜)e−iEτ (34)
6FIG. 4. The panel shows the the numerical analysis done for the quantum FRW model. The first figure shows the solution of
the Schro¨edinger equation (31) taken for different energy eigenvalues: E = −3Epl, E = Epl, E = 3Epl and E  VMax = 50Epl.
Then, in the other three figures, the evolution of a wave packet peaked at different energies has been studied (σ = 1.5), plotting
the wave packet at different times. The potential plotted is U(x)/4; this is done in order to help the understanding of the wave
packet’s behavior
where ψ(x, E˜) is the numerical solution of (31) for a given
energy E˜ and g(E˜, E˜∗) is a gaussian distribution centered
in E˜∗
g(E,E∗) =
1√
2piσ
e−
(E−E∗)2
2σ2 . (35)
Starting from negative eigenvalues (Fig.4.b), one finds
that the more E˜∗ is negative the more the wave packet
is peaked on the right side of the potential and the prob-
ability of finding the Universe near the singularity expo-
nentially decreases.
So, the more the eigenvalue increases, the more proba-
bility of finding the Universe near the singularity expo-
nentially increases. From a certain value E∗ onwards,
|ψ(x, τ)|2 will be represented by a wave packet initially
peaked on the left-potential. However, as long as the en-
ergy eigenvalue increases, the tunnelling probability does
so (Fig.3).
So, even though at the initial time the Universe wave
function is left-peaked, as time goes by the Universe will
tunnel through the potential barrier. Once the potential
barrier is overcome, for all the energy eigenvalues, the
wave packet will rapidly spread and the Universe will ex-
pand.
So, the introduction of the time parameter gives a proper
“tunnelling effect” characterization. The Kuchar-Brown
method allows to solve the Super-Hamiltonian constraint
and describe the quantum dynamics via the choice of a
Schutz fluid as a clock.
However, having introduced a fluid changes both of the
classical and quantum Universe dynamics. In fact, the
quantum dynamics describes a “Bounce-less” Universe
in which the singularity is probabilistically suppressed.
This, even though it is a great achievement for the
model’s sake of completeness, does not assure the exis-
tence of a singularity-free Universe. In addition to that,
for the case E  VMAX (Fig.4.d) one has the dynamics
of a free wave packet which can be peaked near the sin-
gularity.
This issue can be solved by having a natural process that
lets the Universe having a bouncing dynamics and so,
one may suggest to take into account a Polymer dynam-
ics scenario.
7V. POLYMER QUANTUM MECHANICS
Let us introduce then the Polymer quantum mechanics
which is a different mechanical scheme from the standard
Schro¨edinger one. It is an independent quantization pro-
cedure which has been introduced for its analogy with
Loop Quantum Cosmology (LQC) which is given by the
possibility of deriving both the Loop’s Hilbert space and
the semi-classical dynamics. The Polymer mechanics is
a particular representation in which the Stone-Von Neu-
mann theorem is not satisfied, providing a unitarily in-
equivalent representation and, as a consequence, different
physical predictions [17].
In order to appreciate the freedom of choosing the repre-
sentation, one considers the Weyl Algebra given by the
exponentiation of the operators position and momentum,
that will be indicated with qˆ and pˆ respectively. The con-
struction of a “Fock space” can be done defining the com-
plex structure J which acts on the phase space Γ = R2
such that J2 = −1.
The Hilbert space can be obtained from the Weyl albe-
bra via the GNS Construction (Gelfand-Naimark-Segal).
What is subtle is that considering the Weyl algebra there
are some choices of J for which the Stone-Von Neumann
theorem is not satisfied and thus, are not equivalent to
the Schro¨edinger one. In those cases the Polymer repre-
sentation arises.
The result of such an approach is the inability of properly
defining both the qˆ and pˆ operators.
In order to study the Polymer representation, one can
consider an Hilbert space H, some abstract kets |µ〉 with
µ R and some subsets defined by µi R with i = 1, ..., N .
Then, if those kets are taken to be orthonormal 〈µ|ν〉 =
δµν , one can define a Hilbert space Hpoly on which two
different operators act, a label and a displacement one
ˆ |µ〉 = µ |µ〉 (36)
sˆ(λ) |µ〉 = |µ+ λ〉 . (37)
The shift operator s(λ) will be discontinuous since all the
kets are orthonormal and so, it cannot be obtained from
the exponentiation of any Hermitian operator.
In order to connect this abstract representation to phys-
ical systems and physical operators one may consider a
Hamiltonian system with canonical variables q and p. If
the momentum polarization is chosen, the fundamental
states are
ψµ(p) = 〈p|µ〉 = eipµ. (38)
So, according to what has been previously said the label
operator ˆ will be identified with the position operator qˆ
qˆψµ := −i∂pψµ = µψµ (39)
whereas the shift operator role will be taken by the mul-
tiplicative operator V (λ)
Vˆ (λ)ψµ := e
iλpeipµ = ψµ+λ (40)
from which becomes clear that pˆ cannot be taken as the
generator of translations. In this case can be shown that
the Hilbert space for a generic representation is given by
Hpoly = L2(RB , dµH) (41)
where dµH is the Haar measure and RB is the Bohr com-
pactification of the real line.
Things do not change if the position polarization
ψ(q) = 〈q|ψ〉 is chosen. In this case it can be shown that
the wave functions are Kroneker deltas, the translation
operator is discontinuous and so the momentum operator
can not be well defined.
In this scenario it can be demonstrated that, the Hilbert
space is Hpoly = L2(Rd, dµc), where this time Rd is the
real axis with discrete topology meanwhile dµc is the
counting measure [17].
In order to overcome the problems stemming from the
definition of both qˆ and pˆ, one introduces the graph
γµ0 = {q ∈ R |q = nµ0 ∀n ∈ Z}, where µ0 is the scale
introduced in the Polymer scheme.
The Hilbert space that arises taking into account the
graph γµ0 is such that Hγµ0 ⊂ Hpoly and it will contain
the states
|ψ〉 =
∑
n
bn |µn〉 (42)
where µn = nµ0 and
∑
n |bn|2 <∞.
The displacement operator will change according to the
fact that now the shift is set by the lattice spacing µ0,
leading to the result
Vˆ (µ0) |µn〉 = |µ0 + µn〉 = |µn+1〉 (43)
Knowing how the shift operator acts one can build a reg-
ulated operator pˆµ0 .
Considering the case when p 1/µ0 the momentum can
be approximated by
p ≈ 1
µ0
sin(µ0p) =
1
2iµ0
(
eiµ0p − e−iµ0p
)
(44)
and then the regulated operator will be
pˆµ0 |µn〉 =
1
2iµ0
(Vˆ (µ0)− Vˆ (−µ0)) |µn〉 = (45)
=
1
2iµ0
(|µn+1〉 − |µn−1〉). (46)
Different approximations are possible when the regulated
squared momentum operator is considered.
One may consider to compose the operator pˆµ0 with itself.
This leads to an operator which shifts to two steps the
states in the graph
pˆ2µ0 |µn〉 =
1
4µ20
(2− Vˆ (2µ0)− Vˆ (−2µ0)) |µn〉 (47)
8and so
pˆ2 ≈ 1
µ20
sin2(pµ0). (48)
On the other hand, if an operator which shifts only once
is considered one has
pˆ2µ0 |µn〉 =
1
µ20
(2− Vˆ (µ0)− Vˆ (−µ0)) |µn〉 (49)
and so
pˆ2 ≈ 2
µ20
(
1− cos(pµ0)
)
. (50)
With these considerations one can take into account the
Hamiltonian operator which lives on the space Hγµ0
Hγµ0 =
1
2m
pˆ2µ0 + Vˆ (qˆ) (51)
where Vˆ (qˆ) is the potential.
The dynamics that comes from the Hamiltonian can be
studied in the momentum polarization where the momen-
tum operator acts like a multiplicative operator
pˆ2ψ(p) ≈ 1
µ20
sin2(pµ0)ψ(p) (52)
whereas the qˆ operator is represented by the derivative
operator
qˆψpψ(p) = i∂pψ(p). (53)
This ends the process of building the polymer dynamics.
What is interesting is how to recover the physical Hilbert
space HS = L2(R, dp) from the Polymer one Hγ0 .
It is not possible to embed HS in Hγ0 , in fact HS can-
not be obtained by dividing µ0 into smaller and smaller
intervals.
However one can try to approximate a continuous wave
function with a function defined on Hγ0 . Once the real
line R is decomposed in n intervals which defines a scale
Ck, the wave function will be represented by a function
constant in each of those intervals. As a result, at any
given scale Ck one will have an approximated kinetic
term (44) of the Hamiltonian operator and so, a num-
ber of effective theories which will be related by coarse-
graining maps [17].
A. Semi-classical Polymer dynamics
It must be said that in this Section some features of the
Polymer quantum mechanics will be given to the stan-
dard Friedmann dynamics without developing the full
quantum theory. This will be in fact done at a semi-
classical level, in the spirit of the Ehrenfest theorem,
searching for the main changes in the classical dynam-
ics when the Polymer quantum mechanics is considered.
The new Hamiltonian obtained starting from (15), con-
sidering the momentum approximation, will be
HpolyFRW = − 3Gpi sin
2(µ0PV )
µ20
V + 2pi2ρTOT (V )V − 3pi4GkV
1
3 = 0
(54)
where ρTOT takes into account the fluid’s presence. In
order to derive the latter, the canonical transformation
a3 → V has been performed; one chooses the volume V as
the preferred Polymer variable because with this choice
the critical density ρc will be scale factor independent
[18]. The Polymer approximation will then change the
Friedmann equation
H˜2 =
(1
3
V˙
V
)2
=
χ
3
ρ
(
1− ρ
ρµ
)
, ρµ =
B
4pi2
1
µ20
(55)
(where B = 3χ4pi2 ) adding the term
(
1− ρρµ
)
to the stan-
dard Friedmann equation.
This equation represents the semiclassical equation at
scale µ0. It is worth noting that for µ0 → 0, and there-
fore ρµ →∞, one obtains the standard Friedmann equa-
tion. In order to see how the Polymer approximation
changes the semiclassical dynamics (seen in Section 4),
one uses (54) and expresses it via dimensionless quanti-
ties at Planck scales. This way one obtains
H2 =
(1
3
˙˜V
V˜
)2
=
χ
3
Q
(
1− Q
Qµ
)
(56)
where V˜ (l3pl) is the dimensionless volume, Q is
Q =
(ρTOT (V˜ )
ρpl
− 3
8pi
k
V˜
2
3
)
(57)
and
Qµ =
3
2pi3µ20
G
ρpl
, (58)
which, given the fact that µ0 = [E]
−3, G = [E]−2 and
ρpl = [E]
4, is dimensionless. Moreover the simple request
Qµ = 1, which is done in order to simplify the calculation
automatically fixes the Polymer parameter
µ0(l
3
pl) =
√
3
2pi3
≈ 0.22. (59)
and so the Polymer lattice parameter Lpoly = 3
√
µ0lpl ≈
0.60lpl [19].
The momentum approximation acts on the Friedmann
equation introducing a cut-off density and so, a cut off
on the volume. In fact, since there is a finite value of the
density ρ = ρµ for which H˜
2 can be zero, the volume’s
time dependence will have a critical point, hence the so-
lution of the modified Friedmann equation will represent
a Big-Bounce Universe (Fig.5).
9FIG. 5. The Figure shows the classical dynamics behavior for
a flat Universe (solid line) with Cosmological constant Λ 6= 0
versus the semi-classical Polymer one (red-dashed line). Two
different cases are displayed the one for Λ = 10−1Epl (first
picture), and the one for Λ = 10−4Epl. As it can be seen,
in the second case the semi-classical dynamics tends to the
classical one
B. Quantum Polymer dynamics
Finally, it is possible to approach the Polymer quan-
tum mechanics analysis of the model. Starting from (25)
and recalling the value of the fluid’s momenta, it is pos-
sible to obtain the equation
psS =
θ
T
(
−B
2
P 2V V + 2pi
2ρΛV − 3pi
4G
kV
1
3
)
. (60)
In Section 4, in order to study the quantum dynamics,
the ratio θ/T was set and then a canonical transformation
was performed.
Following the same procedure, this ratio can be obtained
through dynamical considerations, where now a˙(t) is no
longer given by the standard Friedman equation but from
the Polymer modified one (56). In doing so, one gets
θ(a) =
∫
dθ
da
1
a˙
da =
∫
T (a)
1
a˙
da (61)
which, if one considers that the dynamical polymer vari-
able is the volume V, becomes∫
1
V˙
V −
1
3 dV = θ(V ) (62)
where the relation a˙ = 13
(
V˙
V
)
V
1
3 has been used. Then
considering that V˙ is given by the semi-classical Polymer
dynamics of a flat Universe with Λ = 10−1Epl 6= 0
(1
3
˙˜V
V˜
)2
=
8pi
3
(QF +QΛ)(1− QF +QΛ
Qµ
) (63)
is then possible to numerically integrate (62) and obtain
the function F (V ) = θ(V )T (v) (Fig.6).
It is clear that F (V = Vmin) = 0 by construction, in
FIG. 6. The Figure shows the function F (V ) = θ(V )
T (V )
obtained
through a numerical integration
fact
F (V ) =
∫ V
Vmin
1
V˙
V −
1
3 dV
T (V )
(64)
but, what arises is that F(V) has infinite derivative in
V = Vmin.
So, it is not possible to fix the ratio θT through the semi-
classical dynamics as done for the non-Polymer case (Sec-
tion 4).
It is then possible to try to put a cut-off on F (V ), in this
way one could take into account the bouncing feature of
the dynamics. One of the possible choices is trying to
put a cut-off on the temperature T = TMAX this way,
F (V ) =
∫ t
0
T (τ)dτ
T (t)
≈ TMAXtpl
TMAX
= tpl. (65)
So, taking the equation (60) and performing the substi-
tution (44) one will have
psS =
θ
T
(
−B( sin2(µ0PV )
µ20
)
V + 2pi2ρΛV − 3pi4GkV
1
3
)
. (66)
After having performed a canonical Polymer quantization
and expressed it via dimensionless quantities at Planck
scales, it becomes
Eψ(PV ) =
(
2pi2QΛ − 4pi2sin2(µ0PV )
)
∂
∂PV
ψ(PV )
(67)
where the relation µ0 =
√
3
2pi3 l
−3
pl was used and it was
considered a flat Universe.
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FIG. 7. The Figure shows the function |ψ(V )|2 solution of 67
for different energy eigenvalues. The more the energy grows
the more |ψ(V )|2 is broadened
This equation has been solved for different energies and
then its Fourier transform has been studied (Figure: 7).
As it can be seen, it is not possible to have a well peaked
wave packet in a volume’s value other than V = 0. In
addition it is not even possible to talk about a localized
Universe at all.
Therefore, in such a model the Universe will not have a
Big-Bounce dynamics but also, it will not have a semi-
classical dynamics at all.
This is not what one should expect from the Polymer
quantum approach of a model which semiclassically has
a Bounce dynamics. The reason why this happens is be-
cause one has chosen a particular value for F (V ) and
each different choice leads to a different Polymer dynam-
ics.
In fact the natural way of determining F (V ) gives a sin-
gular function in V = VMIN (Fig.6) while using a cut-off
leads to a non-Bounce dynamics.
However this does not mean that the Polymer quantum
dynamics implementation is not able to reproduce its
semiclassical feature. This means that the F (V ) choice
must be worked out and the possibility of working with
non-local operators has to be taken into account. In fact
the path followed in determining the ratio θ/T led to the
numeric integration (Fig.6)
θ
T
(V ) ∝
√
V − VMIN (68)
which operational implementation leads to a non-local
theory and its Taylor expansion is not useful as said be-
fore.
This point has to be clarified in order to derive a coherent
dynamic and it will be objective of future works.
VI. CONCLUDING REMARKS
We analyzed a revised version of the simplest canon-
ical formulation for the so-called no-boundary proposal,
regularizing it by the inclusion of a matter clock in the
spirit of the Kuchar-Brown prescriptions.
We consider the cosmological implementation of a previ-
ous analysis in which a Lagrangian Schutz fluid is prop-
erly addressed to indentify its specific entropy as a viable
clock for a quantum gravity theory. In particular, we con-
sidered an isotropic closed Universe, in the presence of a
cosmological constant, adding a Schutz fluid to get an
evolutionary quantization of its dynamics.
We demonstrated that the Schutz fluid behaves, on a clas-
sical level, as a radiation-like component of the Universe
and therefore it restores a singularity in the past, absent
when only the cosmological constant term is present.
Our quantum analysis demonstrates that such a singular-
ity is still present on a quantum level, but its probabilistic
weight strongly depends on the range of the energy-like
eigenvalue we are considering. The probability of find-
ing the scale factor in the classically forbidden region is
strongly suppressed when the energy-like parameter is
significantly smaller than the potential maximum or it is
negative.
The merit of this analysis consists in showing how the
regularization of a tunnelling of the Universe by includ-
ing time into the quantum dynamics produces a removal
of the classical bounce due to the cosmological constant
alone. This result suggests that conjectures based on a
frozen quantum dynamics are not necessary valid once
matter is included to make the dynamics evolutionary.
However, its introduction clarifies the meaning of the
tunnelling process, restoring the concept of “before” and
“after”.
We also demonstrated that a bouncing cosmology is im-
mediately recognized when cut-off physics features are
introduced via a Polymer quantum mechanical approach.
Our study has precise validity in the semi-classical regime
only, since a pure quantum analysis in the Polymer
framework is inhibited by the non-local nature of the re-
sulting Hamiltonian operator.
It must be regarded as an interesting topic for further in-
vestigations to discuss the present paradigm in more gen-
eral dynamical contexts, like the homogeneous Bianchi
Universes. The aim of such a generalization of the present
study could be clarifying if the tunnelling procedure of
the Universe is systematically affected by the nature of
the considered clock and therefore conjectures like the
no-boundary proposal must be properly addressed and
revised in an evolutionary framework.
[1] G. Montani, M. V. Battisti, R. Benini, G. Imponente,
Primordial Cosmology, World Scientific, (2011)
[2] F. Cianfrani, O. M. Lecian, M. Lulli, G. Montani, Canon-
ical Quantum Gravity, World Scientific, (2014)
[3] C. Rovelli, Classical Quantum Gravity 8, 1613 (1991).
11
[4] Isham, C., Canonical quantum gravity and the problem
of time, (1992). arXiv:gr-qc/9210011
[5] A. Ashtekar, T. Pawlowski, and P. Singh, Phys. Rev.
Lett. 96, 141301, (2006).
[6] Blyth, W. and Isham, C., Phys.Rev. D11, pp. 768778,
(1975). doi:10.1103/PhysRevD.11.768
[7] Montani, G., Battisti, M. V., Benini, R. and Impo-
nente, G., Int.J.Mod.Phys. A23, pp.23532503, (2008).
doi:10.1142/S0217751X08040275, arXiv:0712.3008
[8] DeWitt, B. S., Physical Review 160, pp. 11131148,
(1967).
[9] Misner, C. W., Thorne, K. S. and Wheeler, J. A., Grav-
itation, Freeman, W. H. and C., San Francisco, (1973).
[10] J. b: Hartle and S.W. Hawking, Phys. Rev, D28, 2960
(1983).
[11] A. Vilenkin, Phys. Rev, D37,888 (1988).
[12] E. W. Kolb and M. S. Turner, The Early Universe,
Addison-Wesly, (1988).
[13] Brown, J. D. and Kucha, K. V., Phys.Rev. D51,
pp. 56005629, (1995). doi: 10.1103/PhysRevD.51.5600,
arXiv:gr-qc/9409001
[14] T. Thiemann, ”Solving the Problem of Time in General
Relativity and Cosmology with Phantoms and k-Essene,”
ArXiv Astrophysis e-prints, July 2006.
[15] F. Cianfrani, G. Montani, S. Zonetti, 2009.
arXiv:0807.3281v2
[16] B. F. Schutz, Jr., Phys, Rev. D 2, 2762, (1970).
[17] A. Corichi, T. Vukasinac and J. A. Zapata, Class. Quant.
Grav. 24, 1495, (2007).
[18] G. Montani, C. Mantero, F. Bombacigno, F. Cianfrani,
and G. Barca, Phys. Rev. D 99, 063534, (2019).
[19] G. Barca, P. di Antonio, G. Montani, A. Patti, Phys.
Rev. D 99, 123509, (2019).
[20] B. F. Schutz, Jr., Phys, Rev. D 4, 3559, (1971)
[21] P. A. M. Dirac, Proc. Roy Soc. (London) A395,1, (1968).
